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Interaction of dipolar polaritons can be efficiently tuned by means of a shape resonance in their
excitonic component. Provided the resonance width is large, a squeezed population of strongly
interacting polaritons may persist on the repulsive side of the resonance. The derived analytical
expression for the polariton coupling constant reveals an excellent agreement with the puzzling
experimental observations [I. Rosenberg et al., Sci. Adv. 4, 8880 (2018)]. Our arguments provide a
new direction for the quest of interactions in quantum photonics.
PACS numbers: 71.35.Lk
The commonly adopted strategy to introduce interac-
tions into the quantum optics of semiconductors is tailo-
ring the non-linearity due to excitonic transitions [1]. In
the regime of strong light-matter coupling the macrosco-
pic population of the cavity mode is efficiently transferred
into the exciton field, which can be regarded as a gas of
bosonic quasiparticles [2–4]. In particular, the blueshift of
the polariton dispersion is governed by low-energy s-wave
collisions between the pairs of excitons [2]. This naturally
refers to ultra-cold atomic systems, where enhancement
of interactions has been demonstrated by working with
species having dipole moments [5], Rydberg excitations
[6] and using the technique of Feshbach resonance [7]. The
latter provides a possibility to tune the scattering length
from positive to negative values through the unitary li-
mit by adjusting the position of the scattering threshold
with respect to a bound state.
On the technological side, exceptional excitonic pro-
perties are found in atomically thin heterostructures of
transition metal dichalcogenides (TMD’s) [8]. The atom-
like Lennard-Jones interaction between excitons has been
demonstrated in these materials [9]. Such interaction na-
turally admits a bound state and, indeed, biexcitons have
recently been observed in several types of monolayers
[10]. A fundamental difference from the atomic clouds is,
however, a purely two-dimensional (2D) character of the
exciton translational motion. The interactions in a 2D
ultra-cold gas are generically weak due to the properties
of 2D kinematics. Thus, in contrast to three dimensions,
quantum scattering off a weakly-bound state has a vani-
shingly small amplitude [11]. At sufficiently low exciton
densities these arguments apply also for semiconductor
quantum wells (QW’s).
As was proposed by the author [12], a 2D analog of the
Feshbach resonance may be realized with dipolar excitons
formed of electrons and holes residing in spatially sepa-
rated layers. The dipolar repulsion introduces a potential
barrier between the outer continuum and the bound state
(biexciton), which enables a quasi-discrete level with tu-
nable energy ε and lifetime ~/β. Both parameters can
be controlled by changing the distance d between the
layers. The attractive side of such resonance was theo-
retically explored in the context of roton-maxon excita-
tions and supersolidity in dipolar Bose-Einstein conden-
sates (BEC’s) [13, 14]. On the repulsive side, the equili-
brium ground state is a condensate of biexcitons, distin-
guished from the exciton condensate by suppressed cohe-
rence of the photoluminescence (PL) and a gapped exci-
tation spectrum [12]. These predictions hold for a wide
variety of bilayer structures, where the exciton lifetime
is sufficiently long to establish a thermodynamic equili-
brium. Thus, the numerical calculations of the exciton in-
teraction potential in coupled QW’s [15] suggest that the
shape resonance may be responsible for the formation of
a fragmented-condensate solid of excitons [13, 14, 16, 17].
Several groups have recently reported an increase of
the polariton interaction due to the dipolar moment in
the excitonic component [18–20]. The results presented in
Ref. [19] are particularly compelling : a factor of 200 en-
hancement of the dipolar polariton interaction strength
as compared to unpolarized polaritons have been detec-
ted. Dipolar repulsion alone cannot explain such tremen-
dous blueshift of the polariton PL. The mystery is dee-
pened by very low values of polariton densities at which
the experiment was done.
Motivated by these experimental observations, the Let-
ter presents a phenomenological model of resonantly pai-
red dipolar polaritons. In contrast to dipolar excitons,
microcavity polaritons are far from the thermodynamic
equilibrium, their statistics being closer to lasers rather
than to atomic BEC’s [21]. This makes possible existence
of a metastable polariton population on the repulsive
side of the shape resonance. Coupling to a transient bi-
polariton mode in this case yields divergent behaviour
of the 2D effective interaction, akin to the unitary limit
in three-dimensional atomic clouds. The derived analyti-
cal expression for the interaction enhancement factor as
a function of the polariton dipole moment and density
shows an excellent agreement with the experimental re-
sults of Ref. [19]. Another interesting prediction of our
theory is that the many-body polariton states become
squeezed by the resonance. This could be verified in cur-
rent experiments by examining the statistics of emitted
photons.
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2Let us discuss the relevant timescales of the problem.
First, we shall assume that the polaritons do not relax to
the paired state, which is the equilibrium ground state
when ε is below the scattering threshold. Second, the
width of the resonance β must be sufficiently large for
polaritons could feel the interior of the barrier during
their lifetime τ . Hence, we let
~/β  ~/ε τ  τk, (1)
where τk is the thermalization time.
Furthermore, for the sake of simplicity we consider
a single polariton branch characterized by the effective
mass m. Analysis of a possible departure from this ap-
proximation will be given elsewhere. The system is a mix-
ture of two polariton flavours cˆσ with σ = (↑, ↓) and their
bipolaritonic pairs Cˆ. In practice, ”↑” and ”↓” typically
correspond to left- and right-circularly polarized photons.
The many-body Hamiltonian reads
Hˆ =
∑
p,σ
(
~2p2
2m
+ E0
)
cˆ†σ,pcˆσ,p +
∑
k
(
~2k2
4m
+ 2E0 + ε
)
Cˆ†kCˆk +
g
2S
∑
p1,p2,q,σ
cˆ†σ,p1+qcˆ
†
σ,p2−qcˆσ,p1 cˆσ,p2
+
√
~2β
2pimS
∑
k,p
(
cˆ†↑,p+k2
cˆ†↓,−p+k2
Cˆk + cˆ↑,−p+k2 cˆ↓,p+k2 Cˆ
†
k
)
.
(2)
Here the first two terms describe the dispersions of single-
and bipolaritons, respectively, with E0 being the bottom
of the band and p = (px, py). The next two terms is
the usual background interaction between the polaritons
with alike spins (accounting both for the short-range part
and the dipolar tail of the bare exciton potential) in the
quantization area S. The last term models the interac-
tion of polaritons with opposite spins by converting them
into the bipolariton mode and vice versa. The square-root
prefactor is constructed in such a way as to reproduce the
low-energy 2D scattering amplitude for two particles in
vacuum [12].
By using the standard commutation relations for bo-
sons, one obtains the following set of Heisenberg equa-
tions of motion
i~
dcˆσ,p
dt
=
(
~2p2
2m
+ E0 + µσ
)
cˆσ,p +
√
~2β
2pimS
∑
k
cˆ†σ′ 6=σ,kCˆk+p (3a)
i~
dCˆk
dt
=
(
~2k2
4m
+ 2E0 + ε
)
Cˆk +
√
~2β
2pimS
∑
p
cˆ↑,−p+k2 cˆ↓,p+k2 , (3b)
where we have replaced the Hartree groups of operators
by c-numbers and defined
µσ =
g
S
∑
q
|cσ,q|2 = gnσ, (4)
with nσ being the polariton densities in each component.
By introducing the slowly-varying amplitudes
cˆσ,p = cˆσ,pe
−i( ~2p22m +E0+µσ)t/~, (5)
we notice existence of a stationary (dcˆσ,p/dt = 0) solution
of Eq. (3b) in the form
Cˆk =
√
~2β
2pimS
µ↑ + µ↓ − ε′
∑
p
cˆ↑,−p+k2 cˆ↓,p+k2 , (6)
where the motion of the bipolariton mode is reduced to
that of a pair of polaritons with opposite spins. Here
ε′ = ε− εk with
εk =
∑
p
~2p2
m < cˆ↑,−p+k2 cˆ↓,p+k2 >∑
p < cˆ↑,−p+k2 cˆ↓,p+k2 >
(7)
being the kinetic energy of the relative motion in the pair.
The condition (1) provides a physical meaning to the
solution (6). The objects Cˆk should be regarded as auxi-
liary fields describing onset of pair correlations between
the polaritons, rather than new (quasi)particles. Indeed,
substituting (6) into the last term of the Hamiltonian (2),
3one obtains an effective model
Hˆ ′ =
∑
p,σ
(
~2p2
2m
+ E0
)
cˆ†σ,pcˆσ,p+
1
2S
∑
p1,p2,q,σ,σ
′
cˆ†σ,p1+qcˆ
†
σ′,p2−qgσσ′ cˆσ,p1 cˆσ′,p2 ,
(8)
with g↑↑ = g↓↓ = g and
g↑↓ =
~2
2pim
β
(µ↑ + µ↓ − ε′) . (9)
The bipolariton part (which we have conveniently omit-
ted) in this picture is completely decoupled from the po-
lariton dynamics, the pair correlations manifesting them-
selves as a resonant inter-component interaction. This in-
teraction becomes increasingly strong as the background
polariton blueshift approaches the renormalized energy
of the discrete level. Though in the present work we are
primarily concerned with the case µ↑ + µ↓ > ε′, the for-
mula (9) can be used on the attractive side µ↑ + µ↓ < ε′
as well.
In the experiment [19] a laser pulse generates a popu-
lation of the heavy-hole dipolar polaritons in a waveguide
cavity with wide GaAs QW’s. The output signal is regis-
tered at the distance l ∼ υgrτ from the excitation spot.
The polariton group velocity υgr is several orders of ma-
gnitude larger than the corresponding quantity for bare
excitons. A possible reservoir of excitons can therefore be
safely ignored in our consideration.
Assume that at t = 0 the polariton gas is a coherent
balanced mixture, n↑ = n↓ ≡ n = N/S, occupying a
single-particle state with some definite k0 on the disper-
sion curve :
cˆσ,k0(0) |ψ〉 =
√
N |ψ〉
cˆσ,k 6=k0(0) |ψ〉 = 0.
(10)
The bipolariton part of the many-body wavefunction |ψ〉
is initially in the vacuum state :
Cˆ2k0(0) |ψ〉 = 0. (11)
By substituting the slowly varying c-numbers [see the
definition (5)] cσ,k0 = ρσe
iφσ and C2k0 = ρe
iφ into Eqs.
(3), and omitting the terms scaling as
√
ε/β, one can find
φ(t) = φ↑(t) + φ↓(t)± pi/2
φσ(t) = φσ(0)
(12)
and
ρσ(t) =
√
N cosh−1(t/τ0)
ρ(t) =
√
N tanh(t/τ0).
(13)
Eq. (13) shows that on the characteristic time scale
τ0 =
√
2pim
βn
 τ (14)
Figure 1. The polariton interaction enhancement factor η
as a function of the distance d between the electron and hole
layers (upper graph) and the ratio η/d as a function of the to-
tal polariton density n (lower graph). Squares are the experi-
mental data of Ref. [19] and lines is the fitting by Eq. (16). We
take g = 20 µeV×µm2, dc = 10 nm [22] and m = 10−3mX .
From the fitting we obtain B = 400 µeV×nm−1 and E = 1.2
µeV×nm−1, which at d = 1 nm yields ~/β ∼ 1 ps and |ε| ∼ 10
µeV.
the coherent mixture is entirely converted into the paired
state (6). According to (8) and (9), the modified polariton
blueshift is given by
µ′σ = gn+
~2n
2pim
β
(2ng − ε) . (15)
The width of the resonance changes from 0 to ∞ (the
latter describing the ultimate case where the level washes
out) as the exciton dipole moment is tuned from d dc
to d dc, where dc is the critical value at which the true
bound state disappears. We shall assume 0 6 d . dc and
take β(d) = Bd. The corresponding dependence for the
position of the level has the form [12] ε(d) = E(d− dc).
The authors of Ref. [19] plot the quantity η(d, n) =
µ′σ/µσ−1, which they call the ”interaction enhancement
factor”, as a function of the dipole moment d and density
n. Substituting the above relations for β(d) and ε(d) into
Eq. (15), we obtain
η(d, n) =
~2
2pimg
Bd
[2ng − E(d− dc)] . (16)
4The experimental data of [19] fitted by the analytical
expression (16) are shown in Fig. 1. We take g = 20
µeV×µm2, dc = 10 nm [22] andm = 10−3mX , wheremX
is the effective mass of the heavy-hole exciton in a GaAs
QW. From the fitting we find B = 400 µeV×nm−1 and
E = 1.2 µeV×nm−1, which at d = 1 nm yields ~/β ∼ 1
ps and |ε| ∼ 10 µeV. With the experimentally achieved
polariton lifetime τ ∼ 100 ps the requirement (1) is well
fulfilled [23], which justifies our approach a posteriori.
Interestingly, the strong correlations in the paired state
(6) squeeze the polariton wavefunctions. To illustrate this
point, consider again the situation close to the experi-
mental one discussed above, where one starts from a co-
herent state (10) for polaritons and a vacuum state (11)
for their pairs. Introduce rotated quadratures
xˆσ =
1
2 (cˆσ,k0e
−iφσ + cˆ†σ,k0e
iφσ )
yˆσ =
1
2i (cˆσ,k0e
−iφσ − cˆ†σ,k0eiφσ )
(17)
and
Xˆ = 12 (Cˆ2k0e
−iφ + Cˆ†2k0e
iφ)
Yˆ = 12i (Cˆ2k0e
−iφ − Cˆ†2k0eiφ).
(18)
Write xˆσ = xσ + δxˆσ and the same for yˆσ, Xˆ, Yˆ . The
linearized equations of motion for the quadrature fluc-
tuations read
d
dt
δxˆ↑,↓ = ±
√
β
2pimS
(ρ↓,↑δXˆ + ρδxˆ↓,↑)
d
dt
δyˆ↑,↓ = ±
√
β
2pimS
(ρ↓,↑δYˆ − ρδyˆ↓,↑)
d
dt
δXˆ = ∓
√
β
2pimS
(ρ↑δxˆ↓ + ρ↓δxˆ↑)
d
dt
δYˆ = ∓
√
β
2pimS
(ρ↑δyˆ↓ + ρ↓δyˆ↑),
(19)
where the sign ”+” or ”−” corresponds to the two pos-
sible choices of the phase shift in Eq. (12), and ρ, ρσ
are given by (13). At t = 0 one can use Eqs. (17) and
(10) to find 〈δxˆ2σ(0)〉 = 1/4 and 〈δyˆ2σ(0)〉 = 1/4, the well-
known property of a coherent state [24]. In contrast, at
τ0  t . τ , where τ0 is given by Eq. (14), one can substi-
tute ρσ = 0 and ρ =
√
N into the first pair of Eqs. (19)
to obtain
〈δxˆ2σ(t)〉 ∼ e±t/τ0
〈δyˆ2σ(t)〉 ∼ e∓t/τ0 ,
(20)
showing that the polaritons exhibit 100 % squeezing in
either of the two quadratures at the output.
The requirement (1) has allowed us to neglect the dissi-
pation and make our arguments particularly transparent.
Pair-breaking events due to leakage of the single photons
from the cavity (e.g., through the grating out-coupler in
the experiment [19]) result in loss of correlations and, at
a first glance, would reduce the degree of squeezing. In
practice, however, this reduction may be fully compen-
sated by the noise of the external vacuum (see Ref. [25]),
which restores the significance of the result (20).
Our last remark concerns the choice of the sign in
Eq. (12). Under the condition (1), the Josephson cou-
pling of the polariton states to the bound state stabilizes
a definite phase relation during the signal propagation.
The initial configuration is, however, chosen stochasti-
cally and may vary from one laser pulse to another. This
circumstance should be taken into account when veri-
fying the prediction (20) experimentally.
To conclude, we have explained the anomalously large
enhancement of repulsive interactions in a system of dipo-
lar polaritons reported in Ref. [19]. The proposed model
is based on the physics of a bound state separated from
the outer continuum by a potential barrier. Our results
apply to a wide variety of 2D semiconductor heterostruc-
tures, including the atomically thin layers of TMD’s. An
intriguing prediction of our theory is that the resonantly
paired polaritons represent an efficient source of squee-
zed radiation. This might be readily verified by exami-
ning the statistics of emitted photons with the balanced
homodyne detection [26]. The idea of using the shape re-
sonance to produce strong pair correlations and squeezing
at ultra-low polariton densities opens wide perspectives
for future research and applications. Thus, an interesting
new direction would be application of the physics dis-
cussed in this work to the recently established field of
topological polaritons [27, 28].
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